Within the diabatic atmospheric surface layer (ASL) under quasi-stationary and horizontal homogeneous conditions, the mean velocity profile deviates from its conventional logarithmic shape by a height-dependent universal stability correction function φ m (ζ ) that varies with the stability parameter ζ . The ζ parameter measures the relative importance of mechanical to buoyant production or destruction of turbulent kinetic energy (TKE) within the ASL. A link between φ m (ζ ) and the spectrum of turbulence in the ASL was recently proposed by Katul et al. ["Mean velocity profile in a sheared and thermally stratified atmospheric boundary layer," Phys. Rev. Lett. 107, 268502 (2011)]. By accounting for the stability-dependence of TKE production, Katul et al. were able to recover scalings for φ m with the anticipated power-law exponents for free convective, slightly unstable, and stable conditions. To obtain coefficients for the φ m (ζ ) curve in good agreement with empirical formulas, they introduced a correction for the variation of the integral lengthscale of vertical velocity with ζ estimated from the Kansas experiment. In the current work, the link between the coefficients in empirical curves for φ m (ζ ) and stability-dependent properties of turbulence in the ASL, including the variation with ζ of the integral lengthscale and the anisotropy of momentum transporting eddies is investigated using data from the Advection Horizontal Array Turbulence Study. The theoretical framework presented by Katul et al. is revised to account explicitly for these effects. It is found that the coefficients in the φ m (ζ ) curve for unstable and near-neutral conditions can be explained by accounting for the stability-dependence of the integral lengthscale and anisotropy of momentum-transporting eddies; however, an explanation for the observed φ m (ζ ) curve for stable conditions remains elusive. The effect of buoyancy on the horizontal and vertical integral lengthscales is also analyzed in detail. C 2013 AIP Publishing LLC. [http://dx
I. INTRODUCTION
Although atmospheric boundary layer (ABL) flows share many similarities with their flat-plate counterparts, the coexistence of mechanically and thermally generated or dissipated turbulence uniquely distinguishes them from many wall-bounded shear flows. Diurnal variation in solar heating and surface cooling results in the addition of buoyancy forces that alter many aspects of the flow including the turbulent kinetic energy (TKE) production, the topology of large eddies, and the behavior of velocity spectra at low wavenumbers. However, in the absence of buoyancy forces, ABL flows do recover the mean velocity profile (MVP) found in the inner layer of turbulent boundary layers. It is for this reason that buoyancy effects are treated via a so-called "stability correction" to the a) Author to whom correspondence should be addressed. Electronic mail: salesky@psu.edu. "neutrally stratified" ABL that resembles equilibrated flat-plate boundary layers. In the atmospheric surface layer (ASL), a region of the ABL where the immediate effects of surface roughness and Coriolis forces can be ignored, buoyancy corrections to the MVP were first considered through dimensional analysis, carried out by Obukhov 1 and Monin and Obukhov. 2 As a starting point, their analysis assumed a stationary ASL flow over a horizontally homogeneous surface in the absence of subsidence. Four parameters were assumed to determine the behavior of the MVP: the height or distance from the ground surface z, the buoyancy parameter g o / 0 , the kinematic turbulent shear stress at the ground τ 0 /ρ = u 2 * = [u w 2 + v w 2 ] 1/2 , and the kinematic sensible heat flux H 0 /ρc p = w θ , where g o is the gravitational acceleration, 0 is the mean potential temperature, ρ is the mean air density, c p is the specific heat capacity of dry air at constant pressure, H 0 is the turbulent sensible heat flux (in energy flux units), u * is the friction velocity, u, v, w are the instantaneous components of the velocity vector along the longitudinal (defined by the mean wind direction), lateral, and vertical directions, respectively, and primed quantities denote turbulent excursions from the mean state indicated by overbar. Upon applying dimensional analysis, an arbitrary flow statistic in the ASL can be non-dimensionalized by these variables and should universally scale with ζ = z/L, where
is the Obukhov length, and κ ν is the von Kármán constant. This finding provided a framework to allow investigators to intercompare ASL flow statistics among different field experiments. MoninObukhov similarity theory (MOST) is now considered standard when reporting ASL flow statistics and serves as a reference theory when interpreting measured deviations from these scaling arguments.
In MOST, the dimensionless mean wind shear is given as
Under near-neutral stratification, φ m (0) = 1, and (2) can be integrated to recover the conventional logarithmic MVP. Thus, φ m (ζ ) is treated as a correction to the logarithmic MVP that occur under unstable (ζ < 0) or stable (ζ > 0) stratification. MOST predicts φ m (as well as other higher order ASL flow statistics) to be a function of ζ alone, but the exact form of the φ m (ζ ) function must be determined empirically. A large number of field experiments 3, 4 in the ASL have confirmed that φ m (ζ ) does indeed collapse to a universal curve when presented as a function of ζ . This apparent universal character of φ m (ζ ) now has widespread applicability in micro-meteorology, air pollution, atmospheric chemistry, hydrology, ecology, and related disciplines, where MOST is used to estimate turbulent fluxes based on mean gradients, [5] [6] [7] to parameterize surface fluxes in large-scale numerical weather prediction models, [8] [9] [10] and as the basis for wall models in large eddy simulations of the ABL. 11, 12 Atmospheric stability (as characterized by ζ ) is known to have a significant influence on the behavior of the temperature and velocity spectra, 13 the TKE budget, [14] [15] [16] [17] and on the integral scales. 13, 18 However, despite six decades of research and experimental support for MOST scaling, no theoretical link between the MVP and these fundamental, stability-dependent properties of turbulence has been found. A framework on how to proceed with such developments was recently proposed 19 using the "spectral link" established by Gioia et al. 20 for analyzing the MVP of wallbounded shear flows in the absence of buoyancy.
By assuming a local balance between TKE production and dissipation and accounting for the stability-dependence of TKE production in the ASL (that determines the characteristic velocity of the momentum-transporting eddy), Katul, Konings, and Porporato 19 were able to derive a theoretical expression for φ m (ζ ), which they showed was equivalent to the O'KEYPS equation
with γ = 1. From their expression for φ m (ζ ), Katul, Konings, and Porporato 19 were able to recover the proper scalings for φ m (ζ ) under free convective (φ m ∼ (
, and stable (φ m ∼ ζ ) conditions. However, this alone is not enough to produce a φ m (ζ ) 
Furthermore, a value of γ greater than unity is required in the O'KEYPS equation to obtain good agreement with experimental datasets. 19 Katul, Konings, and Porporato 19 hypothesized that the coefficients of 16 and 5 in the Businger-Dyer equation are linked to stability-dependent properties of turbulence in the ASL. By introducing a function f (ζ ) to account for the variation of the w integral lengthscale with stability (based on results from the Kansas experiment) and a correction β 2 for the local imbalance of TKE, they were able to obtain a φ m (ζ ) curve in good agreement with experimental data.
The goal of the current article is to investigate the linkage between the observed behavior of φ m (ζ ) and stability-dependent properties of turbulence in the ASL including the integral lengthscale, the anisotropy of the momentum transporting eddies, and the TKE budget imbalance using data from the Advection Horizontal Array Turbulence Study (AHATS). Although Katul, Konings, and Porporato 19 considered the stability-dependence of the integral scales, they assumed that the momentum-transporting eddy was isotropic in the x-z plane (i.e., having equivalent horizontal and vertical lengthscales). Here, revisions to their theoretical framework are proposed so as to unfold the effects of the stability dependence of the integral lengthscale and the anisotropy of momentumtransporting eddies on φ m (ζ ).
The article is organized as follows. In Sec. II, prior work 19 is reviewed and expanded to illustrate how φ m (ζ ) is influenced by the stability-dependence of the integral lengthscale, the anisotropy of the momentum transporting eddies, and the local imbalance between TKE production and dissipation. An overview of the AHATS dataset and the data analysis procedure is then presented in Sec. III. In Sec. IV, the stability dependence of the integral lengthscales is investigated using the AHATS data, and the connection between the variation with stability of the integral lengthscale and the anisotropy between the horizontal and vertical integral scales is explored in detail. A discussion of these results can be found in Sec. V.
II. THEORY
In this section, the theoretical basis for the MVP in the ASL is developed based on a conceptual model of an ensemble momentum transporting eddy. This eddy, as sketched in Fig. 1 and 
Note that the characteristic dimensions of this ensemble eddy s x and s z will depend on atmospheric stability as characterized by ζ . discussed below, should be viewed as a statistical entity that only exists in an ensemble mean sense rather than being viewed as an alternative to conditionally sampled coherent structures (e.g., hairpin vortices 23, 24 ) known to occur in the ASL. The subsequent discussion of the horizontal and vertical dimensions of this eddy should only be interpreted as ensemble mean quantities averaged over many realizations with no conditioning to exclude any subsets of events. The dimensions of this ensemble mean eddy, as characterized via the integral lengthscales determined from the autocorrelation functions, should not be expected to have a direct geometric correspondence to properties of spatially local coherent structures.
Building upon the theoretical framework presented by previous authors, 19 the mean momentum exchanged by an anisotropic eddy at height z in the ASL with horizontal and vertical dimensions of s x and s z , respectively, is considered in Fig. 1 . As evidenced by this diagram, the connection between the momentum transporting eddy and the MVP is similar to Ref. 19 , except that they considered an isotropic eddy attached to the wall, 25 such that s x = s z = z. Here, the eddy is allowed to retain its expected anisotropic form in the x-z plane with its horizontal and vertical dimensions allowed to vary differently with ζ . The momentum exchanged by the eddy is given as
where v(s x ) = |w(x + s x ) − w(x − s x )| is the characteristic eddy turnover velocity and κ τ is a proportionality constant. For the neutral ABL, s z is best represented by vertical integral length-scale of w, which is proportional to z, i.e., s z = z w (0) = c z z, where c z is a constant of proportionality. The effects of thermal stratification on the size of the momentum transporting eddy must be explicitly considered in non-neutral ASL flows. In this case, it is appropriate to express
That is, s z is assumed to be equal to the actual integral length scale of w that varies with atmospheric stability, which can be formulated in terms of
defining the ratio of the vertical integral length scale of w to its value at neutral ASL conditions. Equation (5) then becomes
A suitable model of v(s x ), the eddy turnover velocity scale, is needed to complete the estimation of the momentum flux from the MVP. For locally homogeneous and isotropic turbulence, v(s x ) can be estimated from Kolmogorov's 4/5 law 26 as earlier proposed by Gioia et al., 20 where
1/3 , with κ = 4/5 and is the TKE dissipation rate. In a neutral ASL,
, that s x is identically the streamwise integral lengthscale of w, which is proportional to the height z. When the effects of buoyancy are considered, however, we find
, where we define
as the ratio of the streamwise integral length scale of w to its value for neutral conditions. In the thermally stratified case, the eddy turnover velocity scale becomes
The assumptions of locally homogeneous and isotropic turbulence and subsequently the 4/5 law may not be valid at scale s x = zf (ζ ). A correction for departures from inertial subrange scaling is introduced so that (9) becomes
where h(ζ ) is the ratio of the "true" velocity scale calculated from the third order structure function D 111 (r 1 ) to the predicted value from the 4/5 law, i.e.,
After including these corrections, (7) becomes
To obtain φ m from (7), must now be determined. Under the assumptions of horizontally homogeneous, stationary, high Reynolds number flow, and in the absence of subsidence, the TKE budget is given by 27 = u
where β 2 (ζ ) is the local imbalance between TKE dissipation rate and shear + buoyant production (or destruction), and is defined by
By definition, the local TKE imbalance for high Reynolds number flows is also the sum of the dimensionless turbulent transport and pressure transport terms (φ t and φ p , respectively). Note that this definition of β 2 (ζ ) differs from that of Ref. 19 , and is ζ -dependent rather than being a constant value. Using this obtained from the TKE budget, (7) becomes
It can be shown that (15) reduces to
where
ν is a constant determined by enforcing φ m (0) = 1. Equation (16) An alternative to considering how stability modifies the streamwise and vertical integral scales of w separately (i.e., the functions f (ζ ) and g(ζ )) is to consider two modifications to ASL turbulence by thermal stratification. First, the integral length-scale, which characterizes the size of the momentum transporting eddy, is modified by buoyancy; we account for this effect through the function f (ζ ). Second, buoyancy acts in such a way that the modification of the streamwise (less restricted by the presence of the ground) and vertical (more restricted by the presence of the ground) integral lengthscales of w is anisotropic with ζ . We account for this effect by defining the anisotropy correction a(ζ ) = g(ζ )/f (ζ ), and replacing g(ζ ) with a(ζ )f (ζ ) in (16), obtaining
The effects of the stability corrections on φ m physically represent the stability dependence of the integral scales (f), the anisotropy of the ensemble mean momentum transporting eddy (a), departures from inertial range scaling (h), and any local imbalance between TKE dissipation and production rates (β 2 ), and will be considered separately and jointly in Sec. IV. Note that when we discuss the anisotropy of the momentum transporting eddies, we are referring to the geometric anisotropy of the horizontal and vertical integral lengthscales.
III. DATASET AND ANALYSIS PROCEDURE
The analysis presented in Sec. II is performed using data from the AHATS experiment conducted near Kettleman City, CA, USA from June 25 to August 16, 2008 . Data from the AHATS profile tower, consisting of six Campbell Scientific CSAT-3 sonic anemometers at heights of z = 1.51, 3.30, 4.24, 5.53, 7.08, and 8.05 m during the period from June 25 to July 17 were used. The field site was surrounded by short grass stubble (<0.1 m in height) and was predominantly horizontally homogeneous and level over wind directions of |α| ≤ 45
• included in the data analysis. The CSAT-3 anemometers, which have sonic path lengths of 0.1 m, sampled the three components of the velocity vector and virtual temperature at 60 Hz; data were sub-sampled at 20 Hz during preprocessing and divided into blocks of 27.3 min each, or 32768 = 2 15 data points per block (to accommodate the FFT software used to calculate spectral densities). The typical procedure of aligning the coordinate system with the mean wind direction so that v = 0 was followed for each block of time. Blocks of data were rejected if φ w = σ w /u * exhibited more than a 30% deviation from the value predicted by MOST, a common quality control criterion in micrometeorology. 28 Nonstationary ratios 29 for the along-wind (RNu), cross-wind (RNv), and vector-wind (RNS) velocity components were computed and runs where RNu, RNv, or RNS ≥0.5 were excluded. The nonstationary runs were removed because of the large effects of nonstationarity on the lagged correlation functions, which were needed to estimate the integral scales. The streamwise and vertical integral length scales of w were computed using the measured autocorrelation function. For spatial lags in the streamwise ( x) and vertical ( z) directions, the two-point correlation function of a flow variable a(x, y, z) is defined as
where a = a − a is the departure of a from its mean value, and Taylor's frozen turbulence hypothesis is assumed to hold so that time can be interpreted as longitudinal cuts into the flow via x = u t. The vertical and horizontal integral lengthscales of w were computed by applying (18) separately for streamwise and vertical separations and determining the integral lengthscales through exponential regression fitting to the measured autocorrelations, i.e.,
and
Note that for the vertical autocorrelation, calculating ρ w,w ( z) can be conducted using either upward or downward vertical lags. We will denote the integral scale calculated from ρ w,w ( z) using upward lags as z↑ w and the integral scale from downward lags as z↓ w . The difference between these two integral scales will be discussed in Sec. IV C.
The TKE dissipation rate was estimated from the second-order structure function D 11 (r 1 ), i.e.,
where c 2 ≈ 4.017c k , c k = 18c e /55, and c e = 1.5 is the Kolmogorov constant for the inertial range of the TKE spectrum E(k). 30 Our estimate of was calculated by a linear regression to the compensated second-order structure function r
using values of r 1 in the range 0.2 ≤ r 1 ≤ 2.0 m. The lower limit imposed on r 1 ensures that distortions from the sonic anemometer finite path length are negligible. The upper limit on r 1 is selected so as to ensure at least one decade of scales is available in the determination of . The regression coefficient b was used to obtain an estimate of the dissipation rate (i.e., = (b/c 2 ) 3/2 ); the coefficient a must be nearly zero if the data follow inertial-range scaling. corrections to account for the effects of finite turbulence intensity on the structure functions were negligible (<10%) for I u < 0.35. We obtained I u < 0.35 for all of the stable data, and the majority of the unstable data from AHATS, so distortions introduced by the use of Taylor's frozen turbulence hypothesis are not a significant source of error in the estimates of .
IV. RESULTS
In this section, the results from any local imbalance of the TKE budget and departures from inertial range scaling are presented along with the stability-dependence of the integral lengthscales. Contributions of stability-dependent properties of turbulence (integral lengthscales and eddy anisotropy) are then propagated to effects on φ m (ζ ). Specifically, we examine the local imbalance of the TKE budget from the AHATS dataset with ζ in Sec. IV A. In Sec. IV B, we examine the effects of departures from inertial range scaling on the eddy velocity scale. We then characterize the stability-dependence of the integral lengthscales in Sec. IV C, considering both the horizontal integral lengthscale of w and the vertical integral lengthscale calculated from both upward and downward spatial lags. In Sec. IV D, we consider how the stability correction functions f (ζ ) and a(ζ ) for the integral scale and eddy anisotropy separately and jointly contribute to the variation with stability of φ m . In Sec. IV E, we derive approximate solutions for φ m (ζ ) in the slightly unstable and free convective limits to explicitly connect the coefficients in empirical curves for φ m (ζ ) to the stability dependence of the integral scale and the eddy anisotropy.
A. Local imbalance of TKE budget
The theoretical expression for φ m (ζ ) presented by Katul, Konings, and Porporato 19 includes a correction for the local imbalance in the TKE budget (β 2 ), which is zero when TKE production balances dissipation. Because studies of the atmospheric surface layer [14] [15] [16] [17] have revealed that the behavior of the TKE budget is influenced by stability, we introduce a local TKE imbalance correction as a function of ζ in the revised theory presented in Sec. II. Note that this definition of β 2 (ζ ), given in (14) , differs slightly from that of Ref. 19 .
Calculated values of β 2 (ζ ) from individual runs of the AHATS data are plotted as a function of ζ in Fig. 2(a) . Here β 2 is calculated from its definition in (14) , and the TKE dissipation rate is estimated by a linear regression (22) to the second-order structure function D 11 (r 1 ). For unstable and near-neutral conditions, the TKE budget is close to a local balance (β 2 ≈ 0) on average and does not exhibit any significant dependence on ζ . For stable conditions, β 2 is slightly positive on average, which corresponds to a local dissipation of TKE exceeding production and suggests that flux-transport terms may be significant in sustaining turbulence in these instances. However, considerable scatter in β 2 is found between individual runs for the entire range of ζ considered here, and β 2 has both positive and negative values for individual blocks of data for the entire stability range shown.
To determine whether estimates of (and therefore β 2 ) are reasonable, the probability density function (PDF) of the slope of D 11 (r 1 ) from the linear regression for r 1 in the range 0.2 ≤ r 1 ≤ 2.0 m is shown in Fig. 2(b) . The mode of this PDF is close to the inertial subrange value of 2/3, and departures of D 11 from inertial range scaling do not appear to occur frequently enough to have a significant effect on the estimate of .
Although the average value of β 2 (ζ ) is nonzero for both unstable and stable conditions, these departures from β 2 = 0 appear small. More importantly, including the β 2 (ζ ) correction in the theoretical expression for φ m (ζ ) (17) does not have a significant influence of the behavior of φ m (ζ ). For the remainder of the article, the effect of the TKE imbalance is neglected for all stabilities (β 2 (ζ ) = 0).
B. Departures from inertial range scaling
Another correction introduced into the revised form of the theory in (16) is the function
, which accounts for departures of the eddy turnover velocity scale from inertial range scaling. A plot of h(ζ ) calculated from the AHATS data is displayed in Fig. 3 . For unstable conditions, h has considerable scatter about unity; for stable conditions, h(ζ ) is slightly smaller than one on average.
Note that h(ζ ) ≈ 1 implies that inertial range scaling applies to D 111 (r 1 ) in the region near r 1 = x w (ζ ). This is indeed the case because the integral scales for u are usually much larger than those for w so that D 111 reaches its inertial range scaling at scales larger than its vertical velocity counterparts. Therefore, even though the integral scales in w dominate the transport of momentum, the turnover velocity of these eddies still presents inertial range scaling, so that the surface layer is associated with inertial range scaling as in the theory of Gioia et al. 20 Because the calculated values of h(ζ ) from AHATS are not far from unity on average, departures from inertial range scaling are unable to explain much of the observed behavior of φ m (ζ ). We, therefore, neglect the h(ζ ) correction for the remainder of the article when we consider the effects of the stability-dependence of the integral scales on φ m (ζ ). Note that when we neglect both β 2 (ζ ) and h(ζ ), (16) reduces to
C. Characterization of integral scales
The revised theory presented in Sec. II considers a momentum-transporting eddy that is anisotropic in the x-z plane, and therefore requires estimates of the horizontal ( (20)). The behavior of the calculated vertical autocorrelation and the exponential fits are plotted in Fig. 4 for several individual blocks of data: an unstable case (panels (a) and (b)), a near-neutral case (panels (c) and (d)), and a stable case (panels (e) and (f)) for measurements from the AHATS profile tower from sonic anemometer 6 at 8.05 m (top panels) and sonic anemometer 3 at 4.24 m (bottom panels). For the autocorrelations from sonic anemometer 3 in panels (b), (d), and (f), we plot ρ w,w (| z|) for both upward and downward vertical lags.
From Fig. 4 , the fitted exponential curves are in reasonable agreement with the calculated autocorrelations for all stabilities and both measurement heights. This is true even for the measurements from sonic anemometer 3 in the bottom panels where only 3 or 4 points were available to be used for the exponential fits. It can be surmised that the exponential fit (20) allows reasonable estimates of the vertical integral lengthscale despite the limited number of data points. Figure 4 also demonstrates that the correlation for a given vertical lag decreases with increasing stability, which corresponds to a decrease in the vertical integral lengthscale z w with increasingly stable ζ . One interesting feature of these autocorrelation curves is the difference between the autocorrelation based on upward and downward vertical lags, as plotted in panels (b), (d), and (f) from sonic anemometer 3. When the autocorrelation is calculated taking upward lags, higher values of correlations are obtained when compared to downward lags.
This interesting feature of the analysis can be seen more clearly in Fig. 5 , where we plot both the streamwise and vertical integral lengthscales of w normalized by z as a function of the MOST stability parameter ζ . In Fig. 5(a) , we present the streamwise integral lengthscale x w , and in Fig. 5(b) , we present the vertical integral lengthscale z w . Separate symbols are used for sonic anemometers 3 and 6; in panel (b) we also distinguish between whether an upward (z ↑) or a downward (z ↓) lag was used to calculate the vertical autocorrelation from sonic anemometer 3.
The streamwise integral lengthscale of w, displayed in Fig. 5(a) , collapses for both measurement heights when normalized by z. We find that x w is the largest for unstable stratification, meaning that the average momentum-transporting eddy has the largest streamwise extent in the unstable ABL; the atmosphere becomes more stable. Panel (b) demonstrates that the vertical integral lengthscale of w, calculated using downward vertical lags ( z↓ w ) also collapses for both measurement heights when normalized by z. It also decreases with increasingly stable conditions; however, it has less variation with ζ than x w . Thus, the vertical dimension of the typical momentum transporting eddy is also the largest for unstable conditions, and decreases as the atmosphere becomes increasingly stable. The plot in Fig. 5(b) also illustrates the large difference between the vertical integral scale of w that one obtains using downward lags ( z↑ w also decreases more rapidly with increasing stability than z↓ w , so the vertical integral scale of w, calculated using upward lags, is much more sensitive to atmospheric stability than when downward lags are employed. Note that for unstable and neutral conditions, the streamwise integral lengthscale ), the ratio of the vertical integral length scale of w (calculated using upward lags) to its value at neutral. Both data from AHATS and the best-fit curves are shown. Separate symbols are used for data points from sonic anemometers 3 (at 4.24 m) and 6 (at 8.05 m).
x w and z w motivates the inclusion of these stability corrections for the integral scales (f (ζ ) and g(ζ )) in the theoretical expression for φ m (ζ ) given in (16) .
As discussed in Sec. II, when the theoretical expression for φ m in (16) was derived, it was assumed that the neutral integral scales of w were proportional to the measurement height (i.e., 
D. Behavior of φ m
As discussed above, one effect of buoyancy in the ASL is to modify the integral length scales of turbulence, which characterize the dimensions of the ensemble mean momentum transporting eddy. The functions f (ζ ) and g(ζ ), i.e., the ratios of the streamwise and vertical integral length scales to their respective values at neutral are presented in Fig. 7 as a function of ζ . In panel (a), we plot f (ζ ) for the streamwise integral scale; panel (b) shows g ↓ (ζ ), where downward lags were used to calculate z w . Panel (c) displays g ↑ (ζ ), where z w was calculated using upward lags in the vertical autocorrelation. Empirical regression fits to the data are also shown; a function of the form
was fit to f (ζ ), as well as to g ↓ (ζ ) and g ↑ (ζ ). The regression coefficients for the empirical curves fit to f, g ↓ , and g ↑ can be found in Table I . Note that both f (ζ ) and g ↓ (ζ ) collapse for the two measurement heights included here. All three functions plotted in Fig. 7 exceed unity for unstable conditions, consistent with the results presented in Sec. IV C, where we found that the horizontal and vertical integral scales were the largest for unstable conditions. For stable conditions, f (ζ ), and both g ↓ (ζ ) and g ↑ (ζ ) are below unity, indicating that the average momentum transporting eddy has reduced horizontal and vertical dimensions relative to its neutral counterpart. As illustrated in Sec. IV C, both the streamwise and the vertical integral lengthscales of w vary strongly with ζ ; stability, therefore, affects both the size and the anisotropy of the momentum transporting eddy. Note, however, that stability modifies the upward and the downward vertical integral lengthscale of w differently. The upward vertical integral scale of w ( z↑ w ), shown in panel (b), exhibits much stronger variation with stability than z↓ w , the downward integral scale (panel (c) ).
The anisotropy function a ↓ (ζ ) = g ↓ (ζ )/f (ζ ) is plotted in Fig. 8 and reveals the large-scale anisotropic size modification of the streamwise and vertical integral length scales with changing atmospheric stability. For the AHATS data at the highest level (z = 8.05 m), the average values of the neutral integral scales are w (ζ ) < 1 and the eddy is elongated along its horizontal axis. Data points from individual blocks of the AHATS data, an empirical curve, and the characteristic shape of the ensemble mean momentum transporting eddy for different values of a(ζ ) are displayed in Fig. 8 .
For the unstable runs in Fig. 8 , the data points lie beneath the isotropy line for ζ < 0, meaning that
The data may be better fitted by a constant a ↓ (ζ ) value for much of the unstable range. For neutral conditions, the data are still below the a ↓ = 1.47 isotropy line. As stability increases, the empirical curve approaches the isotropy line, and it appears that it may asymptote for more stable conditions than are plotted here. It is important to note that in the stable range, both (17) and showing the effects of the integral scale correction f (ζ ), and the anisotropy correction a(ζ ). Separate curves are plotted for a ↓ (ζ ) (using the estimate of z w (ζ ) using downward vertical lags) and a ↑ (ζ ) (using upward vertical lags). Data from the Kansas and AHATS experiments are also plotted, together with the Businger-Dyer empirical curve for φ m . Equations for the empirical curves can be found in Table II. decrease, and the approach to isotropy is caused by a faster decrease in the former. In addition, there is a large amount of scatter for the stable runs, with some of the data points corresponding to each of the three regimes (a ↓ < 1.47, a ↓ > 1.47, and isotropic). Note that the ensemble mean eddy appears to be more horizontally than vertically elongated due to the presence of the ground. Because the blocks of data here always include finite shear stress at the ground, the effects of surface heating or cooling appears to be always more constrained in the vertical than the horizontal dimension.
In the inset of Fig. 8 , we plot a ↑ (ζ ), i.e., the anisotropy function using g(ζ ) based on upward lags for calculating z w . Here a ↑ (ζ ) is nearly constant for the entire range of ζ , which indicates that x w and z↑ w have nearly identical variation with atmospheric stability. In Fig. 9 , the effects of the corrections f (ζ ) and a(ζ ) are presented so as to account for the stability dependence of the integral length scale and the anisotropic modification of the vertical and streamwise integral length scales by buoyancy on the expression for φ m (ζ ) (23) . Separate curves are shown so as to denote the subsequent effects of including f (ζ ) and either a ↓ (ζ ) or a ↑ (ζ ). In Fig. 9 , we plot the value of φ m (ζ ) obtained from the numerical solution to (23) using the empirical curves (24) fit to f (ζ ), g ↓ (ζ ), and g ↑ (ζ ); the regression coefficients can be found in Table I . Note also that β 1 is determined so as to enforce φ m (0) = 1. In addition to the curves showing the effects of these corrections on φ m (ζ ), we also show data from the Kansas 3 and AHATS 33 experiments, as well as the empirical Businger-Dyer curve for reference. The empirical Businger-Dyer curves expressed as φ m (ζ ) = (1 − 16ζ ) 1/4 for ζ < 0 and φ m (ζ ) = (1 + 5ζ ) for ζ > 0 have been shown to describe a large number of field experiments and hence contain a large corpus of field data.
When none of the previously discussed corrections are included (i.e., f = a = 1), the theory over-predicts φ m for unstable conditions and under-predicts it for stable conditions; in fact, the theory produces a line with a slow linear increase with increasing stability-very different from both the data and the empirical curve. When the f (ζ ) correction is included in the theory so as to account for the effects of stability on the integral length scale, we find slightly better agreement with the empirical curve and the data for both unstable and stable conditions. Adding the correction for a ↓ (ζ ) together with f to account for the anisotropic modification of the integral scale by stability leads to a much better agreement between φ m from the theory and the empirical curve for unstable conditions; in this case, the value predicted by the theory is slightly smaller than that given by the Businger-Dyer curve. The theoretical curve also suggests a rapid linear increase of φ m with ζ for ζ > 0, though the predicted dφ m /dζ is still a factor of 3 smaller than the empirical and measured slope. When we use the anisotropy function a ↑ (ζ ), based on the upward vertical integral lengthscale, the curve for φ m has a slightly larger slope for stable conditions. Thus, both f (ζ ) and a(ζ ) are required for unstable conditions for the theory to be in agreement with the empirical curve and the data. For stable conditions, the additional of each function improves the agreement between the theoretical curve and the data. However, the theoretical curve consistently underestimates dφ m /dζ for all ζ > 0.
Note that Katul, Konings, and Porporato 19 recovered a φ m (ζ ) curve in better agreement with the Businger-Dyer curve for stable conditions than what we obtain in the present study. They included a f (ζ ) = x w (ζ )/ x w (0) correction in their theory based on the limited range in spectral peaks from the Kansas data. 13 In Fig. 10 (23) in the present study. Thus, we find that although the rapid increase in the right-hand side (which corresponds to a rapid decay of the integral lengthscale) in Ref. 19 for stable conditions allows one to recover a curve for φ m (ζ ) in good agreement with the Businger-Dyer curve, it is not supported by the AHATS. However, for the unstable portion, the AHATS data and all the curves converge.
The plot presented in Fig. 9 allows one to see the effects of including the corrections f (ζ ) and a(ζ ) on the theoretical curve for φ m , but it does not account for the large scatter in f (ζ ) and a(ζ ) found between individual blocks of the AHATS data. To account for the scatter in f and a, and to present the results in a way that does not depend on empirical curve fitting, in Fig. 11 we plot φ m based on the theoretical expression in (23) , but using the values of f and a for each block of data from AHATS. The scatter between the points plotted in Fig. 9 , therefore, accounts for all of the scatter in f (ζ ) and a(ζ ) that can be seen in Figs. 7 and 8. For clarity, φ m is calculated from the theoretical expression in (23) for individual 27.3 min blocks of data and plotted together with a number of empirical curves from the literature. 4, 22, 34, 35 In Fig. 11 , we use different symbols from the estimates of φ m (ζ ) from sonic anemometers 3 and 6 (at 4.24 and 8.05 m, respectively) and using both the upward and downward anisotropy function from sonic anemometer 3. In Fig. 11 , the empirical curves are generally in good agreement with each other for unstable conditions, but diverge for stable conditions. The calculated values of φ m from the theory are in good agreement with all of the empirical curves for unstable conditions. For stable conditions, however, the values of φ m from the theory are consistently smaller than the empirical curves reported across several experiments. The theory predicts a linear increase in φ m for stable conditions, but it still predicts a value of φ m smaller than what would be within the range of reported experimental values spanned by the set of empirical curves. Even though the scatter in φ m due to the scatter in f and a from individual blocks of data does lead to a large spread for stable conditions, this scatter still does not account for the differences between the theoretical φ m and the empirical curves observed for the stable cases. It is not entirely clear what leads to the disagreement between theory and observed values of φ m for the stable cases. However, it can be conjectured that the differences are due to physical processes not accounted for in the theoretical model rather than random noise in the estimation of parameters.
E. Approximate solutions for φ m (ζ )
The theoretical expression for φ m (ζ ) in (23) is an implicit equation, and it, therefore, is not amenable to a general analytical solution. However, it is still desirable to make an explicit connection between the stability variation of the integral scale and eddy anisotropy and the coefficients in empirical curves for φ m (ζ ). Because we found good agreement between φ m (ζ ) from the theory and empirical curves for unstable conditions, we here consider approximate solutions for φ m (ζ ) for slightly unstable (| − ζ | 1) and free convective (| − ζ | 1) conditions in order to make an explicit connection between the coefficients in empirical φ m (ζ ) curves and stability-dependent properties of turbulence such as the integral scales and eddy anisotropy.
In the slightly unstable case, one can derive an approximate solution to the φ m (ζ ) equation in ( 
where a f , b f , a g , and b g are the coefficients in the curves of the form (24) fit to f (ζ ) and g(ζ ); values of these coefficients from the AHATS data can be found in Table I . Thus, (25) (16) for φ m (ζ ) (a) without corrections for the integral scale and eddy anisotropy (b) and (c) with corrections (f (ζ ) and a(ζ )) for both of these effects. Panel (a) also shows powerlaw scaling for slightly unstable and free convective conditions. In panel (b), we plot the approximate solution for φ m (ζ ) for slightly unstable conditions; in panel (c), we show the approximate solution for free convective conditions. Note that a log-log scale is used for all panels.
the link between the coefficients in curves for φ m (ζ ) and the f and g functions that account for the stability dependence of the horizontal and vertical integral lengthscales. By introducing the values of the empirical coefficients in the f (ζ ) and g ↓ (ζ ) curves, (25) 
Under free convective conditions, we note that −ζ /φ m 1 and observe that both f and g tend toward constant values, i.e., f (ζ ) → C f and g(ζ ) → C g as | − ζ | → ∞. Under these assumptions, the approximate solution to (23) 
which indicates that the coefficient in (−ζ ) −1/3 powerlaw for free convective conditions is linked to the asymptotic behavior of the horizontal and vertical integral lengthscales in the free convective limit. Introducing the values of C f ≈ 1.86 and C g ≈ 1.72 (for g ↓ (ζ )) found from the AHATS data, we obtain φ m (ζ ) ≈ 0.47(−ζ ) −1/3 .
Note that the coefficient of 0.47 here is very close to the value of 0.41 obtained empirically by Zilitinkevich and Tschalikov. 34 If we use the value of C g ≈ 2.06 based on g ↑ (ζ ), we obtain φ m (ζ ) ≈ 0.39( − ζ ) −1/3 , also in very good agreement with experimental results. These approximate solutions for φ m (ζ ) are plotted in Fig. 12 and are compared with the numerical solution to (23) . As discussed previously, when one neglects stability variation of the integral lengthscale and eddy anisotropy (i.e., f = a = 1), one can still obtain the scaling laws of (φ m ∼ (1 − ζ ) −1/4 ) for slightly unstable conditions and (φ m (ζ ) ∼ ( − ζ ) −1/3 ) for free convective conditions. Figure 12 (a) shows these scalings compared to the theoretical φ m (ζ ) curve without the f and a corrections (i.e., for f = a = 1). Note that although the theoretical curve is able to recover these scalings, it predicts values of φ m (ζ ) larger than the Businger-Dyer curve for the entire unstable range plotted here.
In Figs. 12(b) and 12(c), we plot the numerically obtained φ m (ζ ) curve from (23) when we include the corrections for the integral lengthscale (f) and eddy anisotropy (a). Note that (as discussed previously) these corrections bring the theoretical φ m (ζ ) curve into better agreement with the Businger-Dyer curve. In panel (b), we show the approximate solution for slightly unstable conditions; in panel (c), we show the approximate solution for free convection. For slightly unstable conditions, we find that retaining only the linear terms in the Taylor series give us φ m (ζ ) = (1 − 5.8ζ ) −1/4 , which is a good approximation to the numerically obtained φ m (ζ ) curve for ζ > 0.1. However, if we also retain the quadratic term in ζ , the approximate solution of φ m (ζ ) = [1 − 5.8ζ + 19.8ζ 2 ] −1/4 is a good representation of the numerical solution for −1 < ζ < 0.
